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Simple closed analytical expression for approximate direct correlation function (DCF) for multi–
Yukawa hard–core system of particles is presented. The obtained DCF is a solution of the Ornstein–
Zernike equation with multi–Yukawa closure valid in the linear approximation in the potential. This
approximation includes linear corrections to the hard– sphere DCF inside the core radius.
PACS numbers: 61.20.Gy, 61.20.Ne, 64.60.Kw
Despite of a lot of results on simple liquids with spher-
ical potentials obtained during last decades it is always
interesting and useful to complement real and computer
experiments and semiphenomenological studies by ana-
lytical calculations based on the first principles of sta-
tistical mechanics. The advantage of such calculations
consists not only in the fact that they are simpler to use,
but they can also give fruitful physical insights to solv-
ing more complicated problems. The direct correlation
function (DCF) is an important source of different kinds
of information that can be derived from a microscopic
theory based on statistical mechanics principles [1, 2]. In
particular, DCF is very useful for study structural as-
pects of liquids as well as their thermodynamic aspects.
The first analytical theories for thermodynamic proper-
ties were the perturbation theories based on the classi-
cal paper [3]. Integral equations theories based on the
Ornstein-Zernike (OZ) equation usually are considered
as nonanalytical theories needing numerical methods to
proceed (see, however, the papers [4–6]). In the case
of square-well fluids there exists an analytical theory [7]
that combines perturbation theory with the mean spher-
ical approximation. The square-well systems are rather
fruitfully investigated [8, 9] by using the semi-analytic
methodology – rational-function approximation for the
pair-correlation function [10]. Some analytic results for
square–well fluid were obtained in our papers [11–14].
The most popular analytical approximation for the di-
rect correlation function C(r) for systems of particles
with hard –core potentials is based on the so called
mean spherical approximation (MSA) [1, 2, 15]. In MSA:
g(r) = 0 for r ≤ 1 (inside the core), and C(r) = −βφ(r)
for r > 1 (the linear term of the Percus-Yevick approxi-
mation for C(r)). Here β is the inverse temperature and
φ(r) the interparticle potential outside the core. The
approximation for C(R) similar in spirit to MSA was
proposed by Lovett [16]:
C(r) = CHS(r), r ≤ 1 (1)
C(r) = −βφ(r), r > 1,
where CHS is the DCF for hard–sphere system [18–20].
It is the approximation (1) that we have used in papers
[11–14].
In the present paper we propose an approach initi-
ated by the so-called generalized mean spherical approx-
imation (GMSA) [1, 21] based on the works by Baxter
[18, 22]. It is known that the direct use of GMSA meets
serious technical problems of such extend that the results
can be presented only in the form of long tables. So, we
propose to simplify the approach and to use linearized
GMSA (LGMSA). We construct the DCF in such a way
that outside the core it is equal to −βφ(r) as in MSA
and the whole function C(r) satisfies the OZ equation
in the approximation linear in βφ. This means that we
obtain explicitly the linear corrections to CHS(r) inside
the core radius. It seems that such an approximation is
rather self–consistent and to some extend even more ade-
quate than GMSA. It is nessessary to emphasize that the
LGMSA enables us to obtain closed ready for immediate
use analytical expression for DCF in the important case
of arbitrary number of terms in the multi-Yukawa poten-
tial. This means that the result can be used for almost
every (standard) spherical potential.
The direct correlation function C(r) is connected with
the pair ceorrelation function g(r) through well known
OZ relation [1, 2, 17]. In the case of one–component fluid
with spherically symmetric interaction the OZ relation
has the form:
h(r) = C(r) + ρ
∫
d~r′c(|~r′|)h(|~r − ~r′|), (2)
where h(r) = g(r) − 1, ρ is the particle number density.
If the particles of the system have a hard impenetrable
core of the radius r = 1 then
h(r) = −1, r < 1.
If a closure is added to the Eq. (2), for example, if one
proposes the form of C(r) for r > 1, then the relation (2)
becomes an equation. In particular we can put C(r) =
−βφ(r) for r > 1 (see [15]). The OZ relation with this
2closure usually is called the Percus-Yevick equation for
C(r). It is this equation for hard-sphere systems (C(r) =
0 for r > 1) that was solved in the papers [18–20] where
the following solution was obtained (we will use it in what
follows):
CHS(r) = −λ1 − 6ηλ2r − 1
2
ηλ1r
3, (3)
where
λ1 =
(1 + 2η)2
(1 − η)4 ,
λ2 = − (1 + (1/2)η)
2
(1− η)4 ,
η = πρ/6.
We base our approach on the classical works by Baxter
[18, 22] and on the papers where the Baxter’s method
was used for systems with the multi-Yukawa hard-core
potential [4–6, 21, 23–25]. It is worth noting that up to
now only in the case of one Yukawa term [26] the explicit
results were obtained.
Let us recall briefly the Baxter’s method. In [18] it
was shown that it is possible to obtain the Wiener–Hopf
factorization for the function
A˜(k) = 1− ρC˜(k),
that is it can be presented in the form
A˜(k) = Q˜(k)Q˜(−k),
while the function 1 − Q˜(k) is Fourier integrable along
the real axis and one can define a function Q(r) as
2πρQ(r) =
1
2π
∫
∞
−∞
exp(−ikr)[1− Q˜(k)]dk.
Q˜(k) = 1− 2πρ
∫ R
0
eikrQ(r)dr.
The function Q(r) is a real continuous function at r > 0
and Q(r) = 0 for r < 0. If C(r) = 0 at r > R, then
Q(r) = 0 at r > R, too. Using this function Baxter
transformed the original OZ equation into following two
equations
rC(r) = −Q′(r) + 12η
∫ R
0
dtQ′(t)Q(t− r) (4)
rh(r) = −Q′(r)+ 12η
∫ R
0
dt(r− t)h(|r− t|)Q(t− r) (5)
Here Q′(r) means the derivative of Q(r) with respect to
r. One great advantage of the Eqs.(4), (5) in compar-
ison with the initial OZ equation is that they are one-
dimensional. The second very great advantage is that
now the special hard-core condition, namely, h(r) = −1
for r < 1, can be utilized in a very profitable way. For
the system of hard spheres, using the closure C(r) = 0
for r > 1 (i.e. putting R = 1), we obtain from (5):
QHS(r) =
1
2
aHS(r
2 − 1) + bHS(r − 1) (6)
with
aHS =
1+ 2η
(1 − η)2 , bHS = −
3η
2(1− η)2 , (7)
and from (4) the form (3).
The Baxter’s method was applied in the paper [21] to
the system of particles with the hard–core multi–Yukawa
potential
φ(r) = ∞, r ≤ 1
φ(r) =
n∑
i=1
ǫi
r
e−zi(r−1), r > 1, (8)
In this case the Baxter form of the OZ equation reads:
h(r) = −1 for r < 1 and
C(r) = −β
n∑
1
ǫi
r
e−zi(r−1) ≡
n∑
1
Ki
r
e−zi(r−1),
for r > 1. This approximation was named generalized
mean-spherical approximation (GMSA) [1, 21]. In this
case the hard-core condition for h(r) again occurs to be
very advantageous so that it makes possible to obtain
the general form of the Baxter function Q(r). The co-
efficients depend upon the temperature and the density
and can be obtained in principle after substituting the
proposed form of Q(r) in the equations (4) and (5). Fi-
nally one obtains a very complicated system of 2n + 2
algebraic equations. Only two of them are linear. This
system can be solved numerically. It was only in the case
of one-Yukawa potential that the nonlinear equations are
quartic, what allows to obtain some physical results[26].
We propose to exploit the linear approximation of the
theory [21]. Our aim is to obtain the corrections to
CHS(r) at (r < 1) linear in −βφ(r) . With these cor-
rections the whole function C(r) must satisfy the OZ
equation in this linear approximation. This means, in
particular, that the first of Baxter’s equations (4) now
has the form (r < 1):
rCHS(r) + rδC(r) = −Q′HS(r) − δQ′(r) +
+ 12η
∫ 1
0
dtQ′HS(t)QHS(t− r) +
+ 12η
∫ 1
0
dtQ′HS(t)δQ(t− r) +
+ 12η
∫ 1+r
r
dtδQ′(t)QHS(t− r). (9)
3Following [21] , it is easy to show that δQ(r) contains
the following terms:
δQ(r) =
1
2
a1(r
2 − 1) + b1(r − 1) +
+
n∑
i=1
ci(e
−zir − e−zi) +
n∑
i=1
die
−zir (10)
if r ≤ 1 and
δQ(r) =
n∑
i=1
die
−zir (11)
if r > 1.
The coefficients a1, b1, ci, di can be obtained from the
Eq.(5). For r < 1 we have
− r = −Q′HS(r) − δQ′(r)− 12η
∫ 1
0
(r − t)Q(t)dt−
− 12η
∫ r+1
1
dt(r − t)δQ(t)−
− 12η
∫
∞
1+r
dt(r − t)δQ(t)h(|r − t|). (12)
To obtain the function h(r) for r > 1 one can take the
Laplace transform of the linearized equation (5) for r > 1
and solve the obtained equation for
q(s) =
∫
∞
0
dtQ(t)e−st.
Now Eq. (12) becomes closed and after integrations
we obtain the following system of 2n+2 linear algebraic
equations:
b1 = −3η
2
a1 − 2ηb1 +
+ 12η
n∑
i=1
[
ci
[
1
z2
i
−
(
1 + zi
z2
i
+
1
2
)
e−zi
]
+
+
di
z2
i
]
, (13)
1− a1 = −4ηa1 − 6ηb1 +
+ 12η
n∑
i=1
[
ci
[
1
zi
− 1 + zi
zi
e−zi
]
+
di
zi
]
, (14)
Kie
zi = zidi[1− 12ηq(zi] (i = 1, ..., n), (15)
ci + di = 12η[σ(zi)(ci + di)− τ(zi)cie−zi ] (i = 1, ..., n).
(16)
In the frames of our linear approximation it is sufficient
to use for q(s) the expression for hard sphere system:
q(s) = σ(s) − τ(s)e−s, (17)
σ(s) = aHS
(
1
s3
− 1
2s
)
+ bHS(
1
s2
− 1
s
),
τ(s) = aHS
(
1
s3
+
1
s2
)
+ bHS
1
s2
. (18)
The important property of derived system is the fact
that each pair of equations (15)-(16) for a fixed i does
not depend on the other equations, so it can be easially
solved to obtain pairs di, ci. Substituting the results in
the linear equations (13)-(14) we can obtain the correc-
tions to aHS and bHS .
Let us write the final result for DCF for n-Yukawa
potential (8). We have
C(r) = CHS(r) + δC(r), r ≤ 1,
C(r) =
n∑
i=1
Ki
r
e−zi(r−1), r > 1,
where Ki = −βǫi. Now
− rδC(r) = λ′1r + 6η(λ′2 + λ′′2 )r2 +
1
2
λ′1r
4 + (19)
n∑
i=1
µi
√
zi(1 − e−zir) +
n∑
i=1
νi [cosh(zir)− 1] ,
Here
λ′1 = 2
1 + 2η
(1− η)2
n∑
i=1
Ki
ezi
zi
1
V 2(zi, η)
×
× [72η2A(zi, η)− 12η(1 + 2η)B(zi, η)] , (20)
λ′2 = −
2 + η
(1− η)2
n∑
i=1
Ki
ezi
zi
1
V 2(zi, η)
×
× [12η(1 + 2η)A(zi, η)− 6η(2 + η)B(zi, η)] ,(21)
λ′′2 = 2(1 + 2η)
n∑
i=1
Ki
ezi
zi
U(zi, η)
V 2(zi, η)
, (22)
A(z, η) =
1
z2
(V (z, η)−U(z, η))+ (1 + z
z2
+
1
2
)e−zU(z, η),
B(z, η) =
1
z
(V (z, η)− U(z, η)) + 1 + z
z
e−zU(z, η),
U(z, η) = 1− 2η
z3
(z3− 3z2+6)+ η
2
z3
(z3− 6z2+18z− 24),
V (z, η)− U(z, η) = e
−z
z3
(12η(1 + z) + 6η2(z + 4)),
4µi = 24ηKi
1
ziV (zi, η)
[
(1 + 2η)
1 + zi
z3
i
− 3η
2
1
z2
i
]
νi = 24ηKi
1
ziV 2(zi, η)
[
(1 + 2η)
1 + zi
z3
i
− 3η
2
1
z2
i
]
×
× [(V (zi, η)− U(zi, η)].
Using DCF one can obtain the equation of state from
the well-known relation [1, 2]
(kBT )
−1
(
∂P
∂ρ
)
T
= 1− ρ
∫
drC(r) = 1− ρC˜0. (23)
As an illustration of the obtained results let us consider
the case of two-Yukawa potential, which can be used as
a qualitative approximation for the Lennard-Jones one
[27]:
φ(r) = ∞, r ≤ 1,
φ(r) =
ǫ
r
[
e−z1(r−1) − e−z2(r−1)
]
, r > 1. (24)
where z1 = 14.735, z2 = 2.68. Using Eqs. (23) and (24),
one can estimate, for example, the critical point of the
two-Yukawa system. Solving the equations
∂P
∂η
= 0;
∂2P
∂η2
= 0,
one can obtain the critical point of the system:
ηc = 0.18771, Tc/ǫ = 0.79795.
To summarize, we propose an approximate simple
closed analytical form for DCF of hard-core multi-
Yukawa systems. The obtained DCF inside the core as
well as outside the core satisfies OZ equation in the lin-
ear in βφ(r) approximation. The new approximations
obtained in the present work allow to get the van der
Waals-like model which permits a purely analytical study
of fluid properties including the equation of state, phase
behavior and supercritical fluctuations. These results can
be used in the investigation of the behavior of the sys-
tem in the vicinity of the critical point, in particular,
the properties of the Widom line [28–42], which is widely
studied now because of its importance for understanding
the properties of the supercritical fluids.
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